We study light scattering by cylindrical multilayer structures containing Kerr-type nonlinear materials. We develop a new semi-analytical method for solving such nonlinear problems by reducing the original 2D system by a 1D nonlinear Helmholtz equation. We apply our method for the case of wave scattering by the core-shell metal-dielectric nanowire and show that the nonlinearity allows us to control scattering cross section, which in the resonant regime demonstrates optical bistability. We compare our method with the finite-difference time-domain (FDTD) approach and find that the new approach is accurate and is 10 5 times faster and more numerically robust than the FDTD.
INTRODUCTION
Optical properties of nanowires and cylindrical structures have attracted noticeable attention in recent years. In particular, they were proposed to operate as optical nanoantennas [1] [2] [3] and to enhance solar cell performance [3] [4] [5] in the visible frequency range. It was also suggested that the total scattering cross section (SCS) of nanowires can be significantly reduced, leading to cloaking [6, 7] or, on the contrary, enhanced, resulting in a superscattering regime [7, 8] . A typical approach for the study of light scattering by nanowires either involves direct numerical simulations or based on the Mie-like multipole field decomposition into cylindrical harmonics. The later allows us to obtain analytical and semi-analytical results in the linear regime (see, e.g., [9, 10] ).
Nonlinear cylindrical nanostructures have already been studied experimentally for ultrafast all-optical modulation and switching [11, 12] . At the same time, by using multilayer structures, one can achieve significant local field enhancement either due to the bandgap effects or due to the presence of metal and excitation of localized plasmons. This suggests that nonlinear effects, such as bistability and switching, can be strongly enhanced, which is the subject of our study. Direct numerical simulations of nonlinear structures, such as finite-difference time-domain (FDTD), are possible [13] , but as we will demonstrate below, they are time consuming and often do not allow us to explore full parameter space.
Previous works have demonstrated that it is possible to analyze cylindrical structures using various approximations; for example, for perfectly conducting metals [14] , for homogeneous structures [15] [16] [17] , or for weak nonlinearities [18, 19] . In this paper, we develop an exact, robust, semi-analytical method for studying nonlinear 2D structures, which can contain, in general, lossy dielectric and/or metallic layers. We demonstrate that our method is accurate, stable, and much faster than the conventional FDTD. We expect that it can be applied to study nonlinear properties of various nanowire structures.
LINEAR SCATTERING
We study TM polarized light scattering on a multilayer cylindrical structure, which may contain dielectric and metallic layers (see Fig. 1 ). Propagation of the time harmonic electromagnetic waves is governed by the Helmholtz equation for the magnetic field
, where H ∥ is magnetic field component along the cylinder axis, k 0 ω∕c is the free space wavenumber, k is the wavenumber in medium, εr is the inhomogeneous dielectric permittivity of the multilayer cylinder and c is the speed of light. In cylindrical coordinates r; ϕ; z, for the cylinder aligned along z axis this equation can be explicitly written as
We consider self-action effects [20] when the dielectric permittivity acquires Kerr-type intensity-dependent correction, which can be written as ε NL r; ϕ ε L r ΔεjEr; φj 2 . In the current study, we neglect higher harmonic generation; thus Eq. (1) together with the Ampere's law, which allows us to express the electric field via magnetic field, form a closed set of partial differential equations.
The incident electromagnetic plane wave is propagating along the x axis with the magnetic field polarized along the cylinder axis, H inc â z H 0 exp−iωt ik 0 r cosφ, wherê a z is a unit vector along the z axis, and H 0 is the amplitude of the incident magnetic field. We assume that our multilayer structure contains L layers and is embedded in free space. We start with a well-known approach for the cylindrical geometry by decomposing the electromagnetic fields in each layer into a superposition of the cylindrical harmonics. We represent the field in each layer l of our cylindrical structure in the following forms:
NnE n r r sinnφ;
where
is the free space impedance, J n and H 1 n are the nth order Bessel and Hankel functions of the first kind, respectively, n is the mode number, r is the radial coordinate within the lth layer, εr; λ is the dielectric constant at corresponding point in space for a given wavelength, τ n l and ρ n l are the nth mode coefficients in the lth layer, which have to be found by solving the boundary condition equations for the tangential components of the fields, H z and E φ [9, 10] . Additionally, we put ρ n 1 0 to avoid singularity of Hankel functions at the origin and τ n L1 1 for each n, so that our equations also describe the incident plane wave as a superposition of cylindrical modes. Coefficient Nn 1 for n 0 and for all other modes Nn 2 due to the symmetric relation of the Bessel functions between positive and negative indices.
The SCS for the structure can be expressed as a function of mode amplitudes as [8] 
Similar to Mie-type solutions, the effective number of excited modes can be truncated based on the size parameter M k 0 r L k 0 r L 1∕3 2 in which r L is the radius of the outer layer (see, for example, [21] ). Then, by solving the set of equations for the boundary conditions (2 LM equations), we can find 2 LM unknown amplitudes of the cylindrical modes. Thus we can find electromagnetic field distribution in the whole space by using Eqs. (2)- (4), as well as the SCS from Eq. (5), and the scattering problem can be considered completely solved.
NONLINEAR SCATTERING
Now we assume that some of the layers are nonlinear, and the nonlinear correction to the dielectric permittivity is a function of the intensity of the electric field at the corresponding point in space:
Δεr; φ αjE total r; φj 2 :
We use the symmetry of the problem and write a nonlinear correction to the dielectric permittivity Δεr; φ in the form of Fourier cosine series as
The coefficients of the Fourier cosine series can be explicitly calculated as
where jE total j 2 j ⃗ E φ j 2 j ⃗ E r j 2 . We note that the intensity of the electric field can be represented as follows:
where R and I indicate real and imaginary parts, respectively. For E R φ 2 and E I φ 2 , using Eq. (3), we write
and similarly, using Eq. (4), Using trigonometric identities, cosx cosy cosx y cosx − y∕2 and sinx siny cosx − y − cosx y∕2, we can represent electric field components as follows: 
As a result, we obtain the explicit expressions for the coefficients of the Fourier cosine series in the form:
Now we substitute field and dielectric permittivity decompositions into Eq. (1) and obtain
Equation (17) is an ordinary differential equation, and, along with Eq. (7), it forms a closed set of nonlinear equations. In nonlinear layers, Eq. (17) can be solved by using the RungeKutta method, while in linear layers we still use the mode expansion method. To solve the complete set of equations, we use the iterative method, and we outline the algorithm in the diagram, shown in Fig. 2 . As a first iteration, we find solution of the problem in the linear limit using the mode decomposition method. Then we use the values of the mode amplitudes in the innermost cylinder (τ n 1 ) as initial condition for the next iteration. In nonlinear layers, we calculate δε using the field profile found on a previous iteration step. As a result of each iteration, we find H n z r, E n φ r and E n r r in the whole structure. Outside the structure, the incoming wave should be a plane wave; therefore our target function, in which we want to find zero, is Fτ n 1 P n jτ n L1 − 1j. Since in our structure the number of modes is small, we are able use a simplified approach to minimize this function. In particular, we find zero of auxiliary functions F n τ n L1 − 1 and do several iterations over all n to achieve desired accuracy of the condition Fτ n 1 0. Once Eq. (17) is solved, and the magnetic field is found, we need to calculate the electric field in the structure, since it defines nonlinear correction to the dielectric permittivity. The electric field is found using Maxwell's equations.
Direct use of the nonlinear correction to the dielectric permittivity given by Eq. (7) in simulations leads to numerical instabilities; therefore we would like to introduce the nonlinearity in the system gradually. To do this, we have an additional iteration loop, and in each step the nonlinear correction to the dielectric permittivity is taken in the form δε n r 1 − βδε n prev r βδε n new r; (19) where δε n prev r is the correction to the dielectric constant at previous iteration step, and δε n new r is the correction to the dielectric constant calculated using the field from the current iteration step, and β is a small parameter that controls convergence, which should be found empirically. In our simulations, we found that β 0.1 is sufficient to ensure convergence. Clearly, when the iteration loop converges, δε n r δε n prev r δε n new r, and the fields that we find represent a self-consistent solution of the original set of nonlinear equations.
NONLINEAR CORE-SHELL NANOWIRE
As an example of application of our method, we use it to study nonlinear properties of a plasmonic core-shell nanowire, which can exhibit either enhanced or suppressed scattering at different frequencies [7] . The structure is made of a silver core and a silicon shell with 18 and 73 nm radii, respectively, as is shown in Fig. 3(a) . We assume that the dielectric shell is nonlinear. In these simulations, we consider the strength of the nonlinear response above that is available in natural materials, and this is to demonstrate the superior stability of our method.
We use experimental data for the linear dielectric permittivities, and we take into account the small size effect of the metallic layer as it is described in [7] . Figures 3(b) and 3(c) show the far-field radiation pattern and the field profile around the structure for low and high incident powers at λ 800 nm. Figure 4 compares the field profile inside the structure in both linear and nonlinear regimes and shows how higher-order modes are strongly excited in nonlinear regime. Figure 3 (b) demonstrates an abrupt change in the far-field radiation pattern at a certain threshold value of the incident power; this is a result of the bistable response of the structure at high power levels. The mechanism of the bistability is similar to that in many nonlinear resonant systems. In particular, the increase of the power leads to the change of the dielectric constant of nonlinear materials, and this, in turn, shifts the resonance frequency of the structure. For a chosen frequency, which is offset from the resonance, this may produce a multistable response, as we observe in our structure. Figure 5 shows the SCS spectrum for different incident power levels and how the shift of the SCS resonance causes multistable response for the wavelengths above the resonance. Figure 6 shows the hysteresis loop properties and the values of threshold incident powers for different wavelengths. Figure 6 also shows that, for λ 811 nm, the width of the hysteresis loop reaches its maximum, and the corresponding hysteresis is presented in the inset of Fig. 5 .
In the invisibility region, where scattering cross-section and electric field amplitudes are substantially reduced, we do not 4 . Field profile inside the structure for λ 800 nm; both linear and nonlinear regimes using the first eight excited modes. Total value of E φ and E r are plotted separately to demonstrate how they change in the boundaries. E φ in mode n 5 is also plotted as an example of how higher modes are excited in the structure in nonlinear regime. observe any noticeable nonlinear effects even for large power levels. Finally, to verify the accuracy of our method, we perform FDTD simulations of the structure. The simulations use two critical points technique [22] in a 2D domain with dx dy 0.4 nm and 450 × 450 simulation points in which dt 0.99dx∕ 2 p c. Comparison of the results is shown in Fig. 7 . We see excellent agreement between the semi-analytical method and full numerical simulations. The results of the FDTD are presented for a narrower range of the incident power levels, as our FDTD becomes unstable at higher powers. With αE 2 0 0.25, the FDTD takes approximately 6 h and 15 min to reach the steady state. Our novel semi-analytical method, using the same computational system, decreases the required time to less than 0.2 s, which makes it more than 10 5 times faster than the FDTD.
CONCLUSION
We developed a semi-analytical method for studying light scattering by nonlinear multilayer cylindrical nanostructures. By comparing our results with results of the FDTD simulations, we show that a semi-analytical method is accurate and numerically stable. We applied this method to a core-shell plasmonic nanowire, which may exhibit suppressed or enhanced scattering, and show that the nonlinear effects are more pronounced in the enhanced scattering regime.
